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Let G be a finite group, K a field of characteristic p, H a subgroup of G 
and KG the group algebra of G over K. Given an indecomposable KG- 
module M in the block B of G, sometimes it is desirable to know what 
connection (if any) exists between B and the blocks of H which contain the 
components of the reduced module MH and dually, if L is an indecom- 
posable KH-module in a block b of H, what can one say about connections 
between b and the blocks of G which contain the components of the induced 
module LG. One basic result on this direction is the following theorem of 
Nagao: 
THEOREM 1 (Nagao’s theorem). Suppose P is a p-subgroup of H with 
Co(P) c H. Let M be an indecomposable KG-module in the block B of G. 
Then every component L of MH satisfies at least one of the following: 
(1) L belongs to a block b of H with bG = B. 
(2) vtx L &P. 
Proof See Dornhoff [ 1,53.3.] 
A consequence of Nagao’s theorem is a partial dual due to Green [4]: If L 
is an indecomposable KH-module in a block b of H then LG has a 
component in bG. We strengthen this by: 
THEOREM 2. Suppose P is a p-subgroup of H with C,(P) s H. Let L be 
an indecomposable KH-module with vertex P in the block b of H. Then every 
component M of LG satisfies at least one of the following: 
(1) M belongs to bc. 
(2) vtxM ~a P n Pg for some g E G\N,(P). 
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Let B be a block of G. Nagao’s theorem (together with a little vertex 
theory) guarantees that among the components of the restriction f particular 
modules in B, there are components lying in blocks of H that are Brauer 
correspondents of B. The next result strengthens this aspect of Nagao’s 
theorem. The condition on the module being restricted is weakened. The 
restricted module is shown to have components in every block of H of a 
particular type that is a Brauer correspondent of B. However, less is known 
about the component. 
THEOREM 3. Suppose D is a p-subgroup of H with C,(D) E H. Let B be 
a block of G with defect group D and M be an indecomposable KG-module in 
B. Assume K is a splitting Jeld for DC,(D). Then 
(a) For every block b of H with bG = B and defect group D, there is a 
component of MH in 6. 
(b) lf M has a vertex V weakly closed in D with respect to G then 
every block b of H with bc = B and defect group D contains a component of 
MH with vertex V. 
Theorem 3 has the following corollaries. 
COROLLARY 1. Let M be an indecomposable KG-module with vertex V 
in a block B of G with defect group D and assume that K is a splitting field 
for DC,(D). Then dim M > 1 N,(D) : S 11 P, : V(, where S is the stabilizer of 
a block b of DC,(D) with bc = B and P, is a Sylow p-subgroup of DC,(D). 
Note. If D is normal in a Sylow p-subgroup of G then Corollary 1 gives 
in general a better lower bound for dim M then the well-known bound 
JP, : VI. Corollary 1 also implies that if B has an indecomposable module 
with dimension IP O : VI then the block idempotent of b is the block idem- 
potent of bNG@‘). 
Let D be a p-subgroup of H with C,(D) s H and assume that K is a 
splitting field for DC,(D). It is well known that if B is a block of G with 
idempotent E and defect group D and b is a block of H with idempotent e 
and defect group D and bG = B, then eE # 0. Hence, if E = Cy=, ai, 
e = c,!=, Ed, where ai and cj are primitive idempotents of KG and KH, 
respectively, then there exists i and there exists a j such that KHej/KGGi. 
Corollary 2 strengthens this: 
COROLLARY 2. In the above notation for every i there exists a j with 
KHej/KGGi. 
Nagao’s theorem together with Theorem 3 imply 
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COROLLARY 3. Suppose V and D are p-subgroups of H with V E Z(D) 
and C,(V) z H. Let B be a block of G with defect group D and M be an 
indecomposable KG-module in B with vertex V. Assume K is a splitting field 
for DC,(D). If V is normal in every conjugate of D which contains it, then 
every component of MH having vertex V belongs to a block b of H with defect 
group D such that bG = B and every such block contains at least one 
component of Mn with vertex V. 
A strengthened version of Nagao’s theorem due to Green (41 states that if 
M is an indecomposable KG-module in a block B of G and L is a 
component of MH having vertex V with C,(V) z H then L belongs to a 
block b of H with bG = B. In general we cannot strengthen this by requiring 
C,(D) c H instead of C,(V) E H, where D is a defect group of 6, for we 
have 
PROPOSITION. Let D be a p-subgroup of G which is not normal in any 
Sylow p-subgroup of G and let H be a normaf subgroup of N,(D) which 
contains DC,(D) and a Sylow p-subgroup of N,(D). If B is a block of G 
with defect group D .and M is an indecomposable KG-module in B then M, 
has a component in a block b with bG # B, provided K is a splittingfleld for 
DC,(D). 
This yields: 
COROLLARY 4. Let M be an indecomposable KG-module in a block B of 
G wtth defect group D. If MNGcD, remains indecomposable then D is normal 
in a Sylow p-subgroup of G. 
For notation see [ 11. By a component of a module we mean an indecom- 
posable direct component of it. In Section 1 we prove Theorem 2 and in 
Section 2 we prove Theorem 3 and its corollaries. 
1. Proof of Theorem 2. Set C = PC,(P). By the theory of vertices there 
is an indecomposable KC-module L, with vertex P such that L IL: and 
L,( L,. By Nagao’s theorem, L, is in a block b, of C with bt = b. 
Set N = N,(P). Since Ml Lf we can find an indecomposable KN-module 
L, in a block b, of N, having vertex V and satisfying MILT and L, (Lt. Let 
e, and e, be the block idempotents of b, abd b,, respectively. Then 
e, = CXei where x runs over a transversal to the inertia group S of e, in N; 
for by direct calculation Lie,, = L, and (L,S)NCxet = (Li)N, therefore 
C, ei = e, as L,e, = L, . Consequently bz = b, . 
Assume (2) does not hold. Then MI L 7 implies by Green’s transfer 
theorem [2, Theorem 21 that M has vertex P and M and L, are Green 
correspondents. Thus L, 1 MN. By Nagao’s theorem, by = B where B is the 
block of G containing M. Hence bG = (bt)’ = (bf)G = by = B; giving (1). 
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2. In this section H is a subgroup of the finite group G, D a p- 
subgroup of H and K is a splitting tield for DC,(D). We denote by Tn:o the 
trace map from the center of KH to the center of KG. Thus for every u in the 
center of KH T,:,(v) = C ux, where x runs over a transversal to H in G. The 
following lemma is a special case of Green’s transfer theorem [ 3, Theorem 2 ] 
applied to a result of Passman [5]. Due to the generality of Green’s result we 
provide here an elementary proof for the special case needed in the proof of 
Theorem 3 and the Proposition. 
2.1. LEMMA. Let b be a block of H with idempotent e and defect group D 
such that Co(D) s H. Let E be the block idempotent of bG. If the defect 
group of bG is D then I1T,,,(e) = E - E,. Here E, is a K-linear combination 
of G-class sums with defect group properly contained in D and 
]S, : DC,(D)I/IS : DC,(D)1 = A modp, where S and S, are the stabilizers of 
a block b, of DC,(D) with by = bG, in N,(D) and N,(D), respectively. 
Proof Set N = N,(D), C = DC,(D) and let f be the Brauer 
correspondent of bG in N with idempotent e, and b, any Brauer 
correspondent off in C with idempotent e, . Then Tc,,(e,) = 1 S : Cl e,. Since 
TNzG(e,) = E - E’, , where E’, is a K-linear combination of G-class sums with 
defect group properly contained in D, transitivity of tracing gives 
TC:G(e,) = 1 S : C ( (E - E;). By the same argument with H in place of G 
and N,(D) in place of N we get T&e,) = 1 S, : Cl (e - e,), where e, is a K- 
linear combination of H-class sums with defect group properly in D. Thus 
using transitivity and the fact that for any x E G if a is the H-conjugacy 
class sum of x and A is the G-conjugacy class sum of x then THzG(a) = 
I C,(x) : C,(x)] A, we obtain / S o : Cl T,,,(e) = I S: Cl (E - E,). Since K is a 
splitting field for DC,(D), ] S, : Cl and I S : Cl are prime to p by [ 5 ] and the 
result follows. 
2.2. We need the following lemma for the proof of Theorem 3. 
LEMMA. Let V, D, and D be p-subgroups of H satisfying V c D, VA H 
C,(D,) s H and suppose that H contains the weak closure of D in NG( V). 
Let B be a block of G with defect group D and assume that H has a block b, 
having defect group D, with by = B. 
(a) If V is normal in every conjugate of D in G which contains it, then 
b, has defect group = o D. 
(b) If V is weakly closed in D with respect to G then b has defect 
group = NG(Y, D. 
Proof Suffices to prove (a) since (b) is immediate from it. Let b, be the 
Brauer correspondent of 6, in N,(D,) and b, be the Brauer correspondent of 
b, in NG(DI). Then by = (bp@‘I))‘= (b$‘)G = by = B, hence if D, is the 
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defect group of b, then D, c Dg for some g E G. Since V c D, C D, & DR, 
Dgh c H for every h E HG(DI), hence 0:~ H for every h E N&D,). 
Considering the idempotents of b, and 6, as sums of conjugates of a suitable 
block idempotent of D, C,(D,), it easily follows that b, has defect group 
0: r\ NH(D,) = 0: f-’ H = 0: for some h E NG(D1). Consequently D, = D, 
and b, has defect group D,. But then D, = Dg by Brauer’s theorem, as 
by = B. 
2.3. The proof of Theorem 3. (a) Let E be the block idempotent of B 
and e be the block idempotent of b. Assume that (a) does not hold. Then 
Me = 0 and so by Lemma 2.1. M = ME = M(,lT,:,(e) + I?,) = ME,. Now, 
right multiplication by E, is a K(G x G)-endomorphism of the indecom- 
posable (KG)E. By Fitting’s theorem this multiplication induces ‘either a 
nilpotent or a bijective map. The bijective case cannot occur since then 
E E Z(KG)EE, which is inside the K-linear combinations of class sums with 
defect group properly inside D, a contradiction. Here Z(KG) is the center of 
KG. Therefore EE: = 0 for some natural number n. But then M = ME, = 
ME: = MEE; = 0; another contradiction. Hence (a) holds. 
(b) Let b I ,...* b, be all the blocks of H which contain a component of 
MH with vertex V and let b, ,..., b;be the blocks of N,(V) which contain the 
Green correspondents of the components of MH with vertex V (t 2 r). Then 
for every i, 1 ,< i < t there is a j, 1 < j < r such that 6; = bj. Let b be a block 
of H with defect group D such that bG = B. We show that b is one of the bj. 
Since N,(D) c NJ V), b has a unique Brauer correspondent 6 in NH(V) with 
defect group D and as (6~G(Y’)G = (b71)’ = b” = B, b7VG(“) contains the Green 
correspondent M, of M in NC(V), in view of Lemma 2.2. Thus 6 contains a 
component-of MO,,,,, by part (a) which must have vertex V, since VA N,(V). 
Therefore b contains a component of MNHcyJ with vertex V. But then 6 is one 
of the hi, hence b is one of the bj, proving part (b). 
Note. A similar proof shows that if V is normal in every conjugate of D 
which contains it, then H has a block b having defect group D with bG = B 
which contains a component of MH with vertex V’ =G V. 
2.4. Proof of Corollary 1. Take H = DC,(D). Then H has ) N,(D) :SI 
blocks b having defect group D with bG = B and by part (a) of Theorem 3 
each such block contains a component of MH. Since every component has 
vertex GG V, every component has dimension at least 1 P,: V(. 
2.5. Proof of Corollary 2. Take M = KG6, in Theorem 3. 
2.6. Proof of Corollary 3. Let b be a block of H which contains a 
component L of MH with vertex V and let 6 be the block of NH(V) which 
contains the Green correspondent of L in N&V). Then b’ = B and by 
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Lemma 2.2. 6 has defect group D. Since b = @’ and bG = B, b has defect 
group D. 
2.7. Proof of the Proposition. Let e, ,..., ek be all the block idempotents 
of H which contain a component of MH and let e be their sum. Then me = m 
for every m E M, hence multiplication by T,:,(e) induces the zero 
endomorphism on M, as 1 G : H I= 0 mod p. Assume the proposition does not 
hold. Then 
&Gce) = I s, : DcG(D), kE - E’ 
by Lemma 2.1, where E, is as in Lemma 2.1, since DC,(D) G HA N,(D). 
As we have seen in the proof of Theorem 3 multiplication by E, induces a 
nilpotent endomorphism on M. Consequently, 
I s :Dcc(D)l 
I So :DWD)I 
k = 0 mod p. 
It follows from part (a) of Theorem 3 and the fact HAN,(D), that k = 
ING(D):Sl/(H:SJ, h ence ING(D) : H 1 E 0 mod p. But H contains a Sylow p- 
subgroup of N,(D), a contradiction. Thus the Proposition holds. 
2.8. Proof of Corollary 4. Take H = N,(D) in the proposition. If the 
Corollary is false then by the Proposition MNGcDj has at least two com- 
ponents. 
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